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In this section wegive some commutative algebraic definitions
that will help us construct some important geometric objects
such as the blowup algebraand thetangent cone

These constructions involve a multiplicativefiltration of a ringR
That is a sequence of ideals

R Io I 0 s t Ii IjCIi j for all i j

Usually we'll care about the case where I C R is an ideal and

Ii Ii called the I adic filtration

We can alsogeneralizethis M JIM SIZM is the I adic
filtration of the Rmodule M Even more generally

Def A filtration M Mo JM J is called an Infiltration if
I MncMnt K h50

An I filtration is I stable it in addition IMn Mnt for n s 0

We will later provethe Artin Rees lemma which saysthat
an I stable filtration of a finitely generated Rmodule is still
I stable when intersecting w a fig submodule

Associatedgradedringsandmudir



let IER be an ideal The associatedgraded ring of R w r t I
is

greR Rte I Iz

The multiplication isgiven as follows if acITIm and I c ITIhtt
g t a c Im bc In define IT cImTImtht to be the image of
ab

We need to verify that this is welldefined If a'c Im andb'cIn
have images a and b in ITI and I ht respectively

then a at x and b bt y c Imt ycInt

a b abt ay box try
in

Iment
so a'b and ab are equivalentmod Imtht

More generally if Y M Mo Mid is an I filtration of
an R module M define

gryM M µ Mfm

This is a grIR module as follows If a c I mt b cMTMNH
w a c Im beMn lifts then ab c InMnE Mntm

so IT c MmmM m
is the image at ab

We now see why stability of a filtration is important



Pep let IER be an ideal and Ma finitely generated
R module If

T M Mo M

is an I stable filtration w Mi fg K i then gryM is a

finitely generated greR module

PI Assume IMi Mit for ish Then

I1ID YMinJEMiYMi.z IM
Mi

But if rin c IM Mi w r c I meMi then F hit TI Milit
so they are equal

Thus theunions of thegenerators of MTM MYMn generategrM
But each Mi is fg so grM is as well D

we don't really have any interesting maps M grM but we do
have a natural sent map

let 7 be the filtration M MooM o and take te M
If there is some in s t f cMm but f 4Mmm define the

initial form of f to be

in f I c MYµm C grM



Otherwise if f c Mm thendefine in f O

Exi let J xyty3 x E R K x y and I x y and considerthe

I adic filtration of R

Define in J to be the grIR submodule of R generatedby in f
for all f c J

Note that in F x c 3 and in xyty3 xy e

However x xy y y x Xy3eJ so y2xyty3 Xy y c J
so y c in but y is not generated by x'andmy in grIR

So you can't find int bylooking at the images of its generators

The nice thing about this construction is that it gives us a

way to turn an arbitrary Noetherian rings into finitely generated

graded algebras

let IER be a max't ideal R Noetherian Then

grIR PYI III toin
K

and I f fu so for a c III 2 a r f t trnfn Where
ri O or Y I



I f a e IILmti a r f t trnfn where each ri e R
m
or 4 0

to buy induction ri is a polynomial inthe fi over k

This gives us a welldefined Hilbert function for local Noetherian

rings

Def If R is a local ring w maximal ideal I then the
Hilbertfunction of R is

Hp h dim
I n

If M is a fg Rmodule define

Hµ n dimy
I Mint'M

Note that these are just the Hilbert functions of grIR and grim
so we already knowthat for large values of h the agree w

polynomials Pp h and Pm n of deg dHp l l

A lot of the time we can learn about R by looking at greR
However we need to make sure no elements of R are

lost in greR i e we need that Ajit O

We will soon see by the Krukintersection theorem that this
is usually the case


